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Dynamical-systems approaches have historically been used in business-cycle theory to generate
sustained oscillations in macroeconomic variables. We aim to contribute to this literature by
extending the original Samuelson multiplier-accelerator model with a discontinuous stabilization
policy in terms of government expenditure. We show that the nonsmoothness yields dynamics in
terms of periodic orbits and irregular ﬂuctuations, not found in the original Samuelson model.
We also note with particular interest that our model is able to generate localized nonstationary
dynamics, which is in contrast to the most standard models found in the literature.
Keywords: Multiplier-accelerator model; stabilization policy; ﬁxed points; periodic orbits; nonsmooth map; chaotic attractor.

1. Introduction
Nonsmooth maps have attracted plenty of attention
in recent years and have been shown to lead to a
plethora of diﬀerent behaviors and unexpected transitions [di Bernardo et al., 2008a, 2008b; Sushko
et al., 2016]. In this paper, we aim to use this framework to investigate the dynamics of a nonsmooth
extension to the popular Samuelson MultiplierAccelerator model in Economics [Samuelson, 1939].
The aim in this paper is not necessarily to try
to locate the most exotic or unexpected behavior.
Instead, by introducing a simple discontinuity in the
system, in terms of governmental expenditure policy, we show how even naive changes can lead to
new and complex behavior in the economy. We want
to inspire students and scholars with an interest in

economic dynamics to reconsider their models
by introducing nonlinearities, where nonsmooth
changes are the most severe ones.
As mentioned above, we will use Samuelson’s
Multiplier-Accelerator model [Samuelson, 1939] for
our explorations. This model laid out a rigorous
mathematical formulation of the theory of Business Cycles (2019 marks its 80th anniversary). The
formalism adopted in Samuelson’s paper, though
limited in terms of the dynamics generated by the
model, led to the subsequent theoretical developments in this area. Samuelson himself was aware of
the limitation of his model, to quote, “this representation is strictly a marginal analysis to be applied
to the study of small oscillations”. The implication
of such a marginal analysis is that the time series
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generated by any particular solution of the model
will determine actual income only for a short time
about a market equilibrium. The limitation in the
possible dynamics produced by the model, in particular the case of sustained oscillations, led to a
great body of work by way of extensions and modiﬁcations of the original Samuelson’s model and it
continues to evolve to the present day.
The initial developments came from [Hicks,
1950; Goodwin, 1951; Kaldor, 1940]. Both Hicks
and Goodwin articulated models that generated
nondamped cycles. Hicks’ trade-cycle model is a
nonlinear modiﬁcation of Samuelson’s multiplieraccelerator model with an income upper bound as
a “ceiling” and a “ﬂoor” set by the depreciation
rate of investment. More precisely, Hicks rewrites
the investment equation, the induced part of it,
of Samuelson’s model as a piecewise-linear equation and another piecewise-linear equation for the
income ceiling. The economic intuition behind the
dynamics of the model is that as the income
increases, the induced part of the investment
becomes positive and reinforces the rise in income
and the upswing of the economy may continue
until the income reaches its ceiling level. When the
income is at its ceiling level for two consecutive
time periods the induced investment becomes zero,
causing a downswing of the economy. The dynamic
interaction between the investment ﬂoor and the
income ceiling in Hicks’ model leads to oscillatory
behavior of both income and investment. Moreover,
with the assumption of the autonomous investment
growing exogenously at a constant rate, Hicks was
able to show the possibility of how a growth process
can be coupled with the business cycles. Goodwin
modiﬁed the Hicksian ceiling and ﬂoor in [Goodwin, 1951] as being determined by the net investment, and consequently it is the relation with the
desired level of capital stock that generates oscillatory dynamics in his model. In the initial model
of his paper, the discontinuity in the adjustment
of the desired capital stock produces discontinuities in the rate of changes in both the level of output and the actual capital stock. However, later in
the paper, by introducing lags in the accelerator
and multiplier coeﬃcients, Goodwin showed that
his nonlinear ﬂexible accelerator model is capable
of generating self-sustained ﬂuctuations. For further elaborate discussions on Hicks’ model, please
see [Goodwin, 1951; Duessenberry, 1950; Gandolfo,
1997; Tu, 1992].

In more recent times, with the hindsight of
developments in dynamical-system theory, the issue
of generating sustained oscillations in the class of
multiplier-accelerator models was reconsidered by
[Hommes, 1995; Galleegati et al., 2003; Puu et al.,
2005]. Hommes revisited this issue from the point
of view of periodicity in the dynamic behavior generated by Hicks’ model. More precisely, Hommes
posed the question whether every time path in
Hicks’ trade-cycle model converges to a periodic
time path. He extended Hicks’ model by considering
lags in consumption and/or investment being distributed over several time periods (precisely three
time periods) and demonstrated the existence of
quasi-periodic and strange attractors. From the perspective of the dynamics, in Hommes’ extension of
Hicks’ trade-cycle model it is interesting that the
attractors in the model exhibited periodic behavior
interspersed by sudden bursts of erratic behavior,
which is pertinent for understanding regime shifts
that we encounter in real economies. In a more
detailed investigation of the dynamics of Hicks’
model, Galleegati et al. [2003] analyzed bifurcations to study the conditions under which the
model produces periodic and quasi-periodic dynamics. In particular, their study revealed the nature
of an attracting set, for the values of the accelerator coeﬃcient where Hicks’ original model turns
unstable. It turns out that it is a closed invariant
curve encompassing a ﬁnite number of segments
where the dynamics is periodic or quasi-periodic.
In another interesting paper on the reformulation
of Hicks’ trade-cycle model, Puu et al. [2005] revisited the original issue of growth oscillations using
the relative deviations approach. In order to generate the growth and cycles in the original Hicks’
model, Puu et al. [2005] related the “ﬂoor” directly
to the growth in capital stock through a constant
depreciation rate with the rationale that as capital
stock grows it increases the absolute value of maximum disinvestment and hence the “ﬂoor” should
be falling or decreasing with capital accumulation.
With this set-up, the authors reformulated Hicks’
model to generate endogenous growth trend and
showed that the model can produce growth rate
cycles of various periodicities. It is noteworthy that
the brief review of the literature given here does
not do justice to the vast array of models that
produce erratic ﬂuctuations within the framework
of exogenous stochastic models and within deterministic frameworks [Day, 1982; Grandmont, 1985].
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Our aim is to look at those works that extended or
modiﬁed the original Samuelson–Hicks framework,
and hence we had to be selective in this regard.
From this brief review of earlier work in this
area, it can be noted that most of the extensions
in the class of multiplier-accelerator models followed Hicks or Goodwin’s frameworks to produce
sustained ﬂuctuations. Most of these models fall
under the general family of discontinuous models
and speciﬁcally a discontinuity was eﬀected in the
investment function that introduced the concepts of
“ﬂoor” and/or “ceiling”, which bounded the deviations of the unstable regions of the system.
As mentioned above, our aim here is to reconsider the original Samuelson multiplier-accelerator
model by introducing a discontinuity in the government expenditure variable rather than in the
investment expenditure as in the case of Hicksian
extensions. The investigation of the eﬀects of the
discontinuity in the government expenditure is pertinent not only from the point of view of the dynamics of the theoretical model, but also for furthering
the discussion on the implications of ﬁscal stimulus programs. We show that this simple modiﬁcation yields new dynamics in terms of periodic orbits
and nonperiodic attractors in comparison with the
original Samuelson model. In particular our model
is able to generate bounded dynamics, without the
concepts of a “ﬂoor” and a “ceiling”, in the region
where the system is deemed to be unstable in the
original model by Samuelson. The model introduced
here falls into the class of two-dimensional nonsmooth linear maps, where the map is discontinuous
across a discontinuity surface in state space.
The outline of the paper is as follows. In
Sec. 2.1, we review the original Samuelson multiplier-accelerator model and in Sec. 2.2, we introduce an extended Samuelson multiplier-accelerator
model followed by a brief discussion of the resulting dynamics of the model. In Sec. 3, we provide a
detailed analysis of ﬁxed points and periodic orbits
when the multiplier and accelerator parameters are
varied. The paper concludes with a discussion of the
results and further possible extensions of the model
in Sec. 4.

1939; Gandolfo, 1997])
Yt = Ct + It + Gt ,

(1)

Ct = aYt−1 ,

(2)

It = b(Ct − Ct−1 )
= ab(Yt−1 − Yt−2 ),

(3)
(4)

where Yt > 0 is the total income at time t, Ct > 0
is the consumption expenditures at time t that is
proportional to the income at time t − 1, It > 0 is
the investment expenditure at time t that is proportional to the diﬀerence between the consumption expenditures at time t and t − 1, Gt = G > 0
is the government expenditure and is assumed to
be constant for all times t. Furthermore a is the
marginal propensity to consume and b is the acceleration coeﬃcient. Equations (1)–(4) give rise to the
second-order diﬀerence equation
Yt − a(1 + b)Yt−1 + abYt−2 = G

(5)

with solution
Yt = c1 (m1 )t + c2 (m2 )t +

G
,
1−a

where m1 and m2 are the roots of the characteristic
equation
m2 − a(1 + b)m + ab = 0
and the parameters c1 and c2 are given by the initial
conditions. From Eq. (5) it is easy to see that there
is only one ﬁxed point, which is given by
Y∗ =

G
.
1−a

(6)

Notice that m1 and m2 could be either real or
complex and thus the qualitative behavior of the
dynamics of the model and the stability of Y ∗
are given by the signs and magnitudes of m1 and
m2 . This realization gives rise to four regions (A,
B, C and D) in the (b, a)-parameter space and
the regimes are shown in Fig. 1. The boundaries
between the regions are given by the two equations

2. Multiplier-Accelerator Models
Consider Samuelson’s original multiplier-accelerator model (henceforth OSM) (see [Samuelson,

b > 0,

Gt = G,

a=

2.1. The original Samuelson model

0 < a < 1,

4b
(1 + b)2

and a =

1
.
b

(7)

In region A the roots m1 and m2 are real, positive
and less than 1 and thus there is a local monotonic
convergence to the equilibrium Y ∗ . In region B the
roots m1 and m2 are complex and less than 1 in
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a

a discontinuity in the government expenditure variable. This simple extension can also been seen as a
generalization of the proportional stabilization policy articulated by Philips [1954]. Since our extension strictly follows Samuelson’s original multiplieraccelerator model, we consider only the real sector
in a closed-economy macro model.
Our proposed extended Samuelson model
(henceforth ESM for short) is given by
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2.2. The extended Samuelson model
We extend the original Samuelson multiplier-accelerator model discussed in Sec. 2.1 by introducing

(8)

Ct = aYt−1 ,

(9)

0 < a < 1,

It = b(Ct − Ct−1 )

Fig. 1. Samuelson’s original qualitative stability diagram. In
region A the system [Eq. (5)] exhibits monotonic convergence,
in region B oscillatory convergence, in region C oscillatory
divergence and in region D monotonic convergence.

magnitude and thus there is an oscillatory convergence to the equilibrium Y ∗ . In region C the roots
m1 and m2 are complex and greater than 1 in magnitude and thus there is an oscillatory divergence
from the equilibrium Y ∗ . In region D the roots m1
and m2 are real, positive and greater than 1 and
thus there is a monotonic divergence from the equilibrium Y ∗ . On the boundary between regions A
and B we have monotonic convergence to Y ∗ , on the
boundary between regions B and C we have periodic orbits about Y ∗ and on the boundary between
regions C and D we have monotonic divergence
from Y ∗ .
We note that the solution of the model can
change either due to the accelerator or the multiplier coeﬃcients changing, as suggested by Samuelson, or due to the imposition of new initial conditions. Goodwin [1951] has shown the implications
of a variable accelerator coeﬃcient to the dynamics
of the accelerator-multiplier model in several nonlinear models. However, models that studied the
inﬂuence of initial conditions on the dynamics of
the multiplier-accelerator process are scarce in the
literature (see [Minsky, 1959]), and our extension
of Samuelson’s multiplier-accelerator model lends
naturally to the analysis of the inﬂuence of initial conditions on the potential dynamics generated
by the interaction between the multiplier and the
accelerator.

Yt = Ct + It + Gt ,

= ab(Yt−1 − Yt−2 ), b > 0,

d, Yt−1 < Yt−2 ,
Gt = G +
0, Yt−2 < Yt−1 ,

(10)
(11)

where d > 0 is the control (or stabilization) parameter. Equations (8)–(11) give rise to the following
two second-order diﬀerence equations
Yt − a(1 + b)Yt−1 + abYt−2
= G + d,

Yt−1 < Yt−2 ,

(12)

Yt − a(1 + b)Yt−1 + abYt−2
= G,

Yt−2 < Yt−1 .

(13)

Note here that the condition Yt−2 − Yt−1 = 0 provides a natural way to divide the dynamics into two
regions, one where the last period’s output is less
that of the previous period, i.e. where Yt−1 < Yt−2 ,
and the other where the last period’s output is
greater than that of the previous period, i.e. where
Yt−1 > Yt−2 . In economic terms this means that
we consider the economy in two states — one when
the economy is in downturn and the other when the
economy is growing — and study the eﬀect of stimulus or stabilization policy on these two states in
the same model. Hence, in this case the application
of the theory of nonsmooth dynamical systems [di
Bernardo et al., 2008a, 2008b; Mira et al., 1996;
Sushko et al., 2016] naturally lends itself by the
nature of the economic problem in question. Note
that in our model the nonsmoothness arise due to
the division of the state space as opposed to discontinuity in the vector ﬁeld.
The solutions to Eqs. (12) and (13) can be
written as
G+d
, Yt−1 < Yt−2
Yt = c1 (m1 )t + c2 (m2 )t +
1−a
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and
Yt = c3 (m1 )t + c4 (m2 )t +

G
,
1−a

Yt−2 < Yt−1 ,

Int. J. Bifurcation Chaos 2019.29. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 09/25/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

respectively, where m1 and m2 are the roots of the
characteristic equation
m2 − a(1 + b)m + ab = 0
(a)

(14)

35

and c1 , c2 , c3 and c4 are given by initial conditions.
Notice that the roots m1 and m2 of the characteristic Eq. (14) correspond to both Eqs. (12) and (13)
as well as the original Samuelson model. Therefore
the qualitative behavior of the new model resembles the original model. It should also be noted
that the coeﬃcients c1 , c2 , c3 and c4 may not remain
constant for all times because the system evolves
by switching between the maps given by Eqs. (12)
(b)

15
Yt

III

Yt

30
II

IV

10

25
5

I

20
0
(c)

5

15 t 20

0

13
Yt
12

(d)

11

10

10
1000

t

9
0

2000

13

(f)

Yt+1

5

10

15 t 20

13
Yt
12

11

9
0

(e)

10

V

1000

t

2000

12

Yt+1

12
11

11

10
9
9

10

11

12 Yt 13

10
10

11

Yt

12

Fig. 2. Iterations of Eqs. (12) and (13) for G = 5, d = 1, and b and a values from diﬀerent parts of the diagram in Fig. 1.
The two ﬁxed points Y ∗1 and Y ∗2 in (15) are highlighted as dashed lines. In (a) b = 0.2, a = 0.8 (region A) and the trajectories
I and III converge monotonically to each of the stable ﬁxed points and trajectory II converges to a stable period-2 orbit. In
(b) b = 1, a = 0.5 (region B) and the trajectories IV and V both converge to the stable period-2 orbit. In (c) b = 3, a = 0.5
(region C) and the initial conditions lead to what appears to be a chaotic attractor [depicted in (e)]. In (d) b = 2, a = 0.5
(boundary between regions B and C) and the chosen initial conditions lead to a quasi-periodic attractor [depicted in (f)]. In
(e) and (f) delay plots of the iterations in (c) and (d) are shown, respectively. The attractor in (e) seems to be chaotic and
the attractor in (f) is a closed curve which indicates that the dynamics shown in (d) is quasi-periodic.
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and (13) depending on the values of Yt−1 and Yt−2 .
From Eqs. (12) and (13) we derive the ﬁxed points
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Y ∗1 =

G+d
1−a

and

Y ∗2 =

G
,
1−a

(15)

respectively, where Y ∗1 > Y ∗2 for d > 0. We will see
in the following analysis that the two ﬁxed points
play a crucial role in determining the dynamics of
the system.
In Fig. 2, we show iterations of Yt , for parameter values in regions A, B, C and on the boundary between B and C of the original Samuelson’s
model reproduced in Fig. 1, to highlight some of the
new dynamics generated by the ESM. Figure 2(a)
(region A) shows the three diﬀerent attractors [the
two ﬁxed points in (15) and one period-2 orbit] generated by the discontinuous ESM model that we
have found, while the OSM only had one attractor ﬁxed point (6). In Fig. 2(b) (region B) we only
ﬁnd one attractor, namely, a stable period-2 orbit
that switches between the two regimes every second time. Again, this is diﬀerent from what we saw
in the OSM, where only one attractor ﬁxed point
is present. Figures 2(c) and 2(e) (region C) display
a nonperiodic attractor (possibly chaotic), which is
in stark contrast to the OSM, where no attractors
were present. Again, the nonperiodic attractor is
the only attractor we have found in region C. For
any initial conditions outside the basin of attraction of the nonperiodic attractor, Yt will oscillate
out of bounds. In Figs. 2(d) and 2(e) (boundary
between regions B and C) we see stable quasiperiodic motions in the form of two ellipses, which
is again slightly diﬀerent from the OSM where
the appearance is one ellipse. As shown in Fig. 2,
the ESM does not only generate a richer dynamic
behavior than the OSM, but also underscores the
role played by the initial conditions in determining
the eventual dynamics of the system.

3. Analysis of the Extended
Samuelson Model
The stability analysis of the ﬁxed points of the ESM
is exactly the same as for the OSM (see Sec. 2.1 and
[Samuelson, 1939]). The only diﬀerence is that in
the ESM we have multiple attractors — two ﬁxed
points and a period-2 attractor arising from the two
diﬀerent diﬀerence Eqs. (12) and (13). Before proving the existence of the two ﬁxed points and the

period-2 orbit described in Sec. 2.2, we will restate
the Eqs. (12) and (13) as a system of two ﬁrst-order
diﬀerence equations.
Let Xt = Yt−2 , Zt = Yt−1 and S = [0, ∞) ×
[0, ∞) then Eqs. (11) and (12) can be written as
the following systems of linear ﬁrst-order diﬀerence
equations


 
Xt+1
Xt
= A
+B
Zt+1
Zt
:= M− (Xt , Zt ) if (Xt , Zt ) ∈ S − ,


Xt+1
Zt+1





Xt

= A

Zt

(16)


+ B̂

:= M+ (Xt , Zt ) if (Xt , Zt ) ∈ S + ,
(17)
where

A =

0

1



,
a(1 + b)

 

0
0
, B̂ =
,
B =
G+d
G
−ab

S − := {(Xt , Zt ) ∈ S | Xt > Zt },
S + := {(Xt , Zt ) ∈ S | Xt < Zt }.
The two sets S − and S + that are separated by the
line
S 0 := {(Xt , Zt ) ∈ S | Xt = Zt }
represent the two states of the economy — the
downturn state and the upturn state (see Fig. 3).
Note also the deﬁnition of the maps M− and M+ ,
the former is used when the economy is in the downturn state (S − ) and the latter is used when the
economy is in the upturn state (S + ).

3.1. Existence and stability of fixed
points and period-2 orbits
It seems clear from Figs. 2(a)–2(f) that the ﬁxed
points and period-2 orbits play important roles for
the overall dynamics and therefore we will ﬁrst analyze their existence and stability properties.
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which means that we have two stable or unstable
one-dimensional invariant manifolds W s (f− ) and
W s (f+ ) for each of the ﬁxed points f− and f+ ,
respectively. If instead a2 (1 + b)2 − 4ab < 0 (regions
B and C in Fig. 1) the two eigenvectors are complex
and thus the corresponding stable or unstable manifold for each ﬁxed point is two-dimensional. The
implications for the dynamics is further discussed
in Secs. 3.2–3.6.

35

Zt
30
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f−

S+

S0

p2
p1

25

f+

20
20

25

S−

30

Xt

3.1.2. Existence and stability of period-2
orbits

35

Fig. 3. The division of the phase space S into the regions
S − , S + and S 0 in the vicinity of the ﬁxed points (f− and f+ )
and period-2 orbits (p1 and p2 ) for b = 0.2, a = 0.8, G = 5
and d = 1.

3.1.1. Existence and stability of fixed
points
The ﬁxed points of the system (16) and (17) are
given by
 
G+d 1
−1
,
f− = (I − A) B =
1−a 1
 
1
G
,
f+ = (I − A)−1 B̂ =
1−a 1
respectively (see Fig. 3), and we note that f− ,
f+ ∈ S 0 . The stability properties of the ﬁxed points
are given by the eigenvalues of the matrix A, which
are given by
a(1 + b) 1  2
a (1 + b)2 − 4ab,
+
2
2
a(1 + b) 1  2
λ2 =
−
a (1 + b)2 − 4ab.
2
2

We know, from Sec. 2.2 and Fig. 2, that there is
also a period-2 orbit present in the ESM. In order
to prove the existence of the period-2 orbits we need
to analyze the second iterates of the maps M− and
M+ , which are given by


Xt+2
= M+ (M− (Xt , Zt ))
Zt+2
 
Xt
2
=A
+ AB̂ + B, (Xt , Zt ) ∈ S − ,
Zt
(19)


Xt+2
= M− (M+ (Xt , Zt ))
Zt+2
 
Xt
2
+ AB + B̂, (Xt , Zt ) ∈ S + .
=A
Zt
(20)
As long as the matrix I − A2 is invertible we have
from Eqs. (19) and (20) that the period-2 orbit is
made up from the points
p1 = (I − A2 )−1 (AB + B̂),

λ1 =

p2 = (I − A2 )−1 (AB̂ + B),

The eigenvalues λ1 and λ2 are the same as in the
OSM and thus give rise to the stability chart in
Fig. 1, which holds for both ﬁxed points f− and f+
independent of each other. Now, if a2 (1+b)2 −4ab >
0 (regions A and D in Fig. 1) the corresponding real
eigenvectors are given by

1
 
v1 =  λ1 ,


1


1
 
v2 =  λ2 ,


1

(18)

(21)

where p1 ∈ S − and p2 ∈ S + (see Fig. 3 and
Table 1). The stability of the period-2 orbits is given
by the eigenvalues of A2 which are
a
Λ1 = (a(1 + b)2 − 2b)
2

a
+ (1 + b) a2 (1 + b)2 − 4ab = λ21 ,
2
a
Λ2 = (a(1 + b)2 − 2b)
2

a
− (1 + b) a2 (1 + b)2 − 4ab = λ22 .
2
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We see that the eigenvalues Λi (i = 1, 2) are real if
the discriminant a2 (1 + b)2 − 4ab > 0 and complex
if a2 (1 + b)2 − 4ab < 0, which is exactly the same as
for the ﬁxed points f− and f+ (see Sec. 3.1.1). Further we notice that the eigenvalues of the period2 orbits are the squares of the eigenvalues corresponding to the ﬁxed points. This means that if
a2 (1 + b)2 − 4ab > 0 the real eigenvectors corresponding to Λ1 and Λ2 are the same as v1 and v2 ,
which are the eigenvectors of the two ﬁxed points,
respectively [see Eq. (18)]. This implies that the
period-2 orbit also has two stable or unstable onedimensional invariant manifolds, namely, W s (p1 )
and W s (p2 ). On the other hand, if a2 (1+b)2 −4ab <
0, the period-2 orbits have stable or unstable twodimensional invariant manifolds, which is again in
agreement with what we saw for the ﬁxed points.
Moreover, we notice that
|Λi | = (ab)2
and thus the conditions that tell us whether the
eigenvalues are real or complex and lesser or larger
than 1 in magnitude are
a2 (1 + b)2 − 4ab = 0 and

(ab)2 = 1 ⇒ ab = 1.
(22)

Interestingly, these boundary conditions are the
same as in the original Samuelson’s model (OSM)
[see Eq. (7)]. Consequently the two ﬁxed points and
the period-2 orbits of the ESM will have the same
stability behavior across the four regions A–D (see
Fig. 1) as the single ﬁxed point of the OSM. Therefore the stability chart shown in Fig. 1 is also valid
for the period-2 orbits.

3.2. Dynamics in region A
In this section, we will study the dynamics in region
A of the extended Samuelson model. As we saw in
Sec. 2.2, there are two stable ﬁxed points and a stable period-2 orbit in this region and we want to
determine their basins of attraction (see Fig. 1).
For instance, we have already seen in Fig. 2(a)
that some initial conditions will end up at the ﬁxed
points and some at the period-2 orbit. However, further analysis is needed to ﬁnd the initial conditions
in the state space S that will end up at each of these
stable limits. This will be done in ﬁve steps: (1) Find
the inverses of the maps M− and M+ ; (2) Determine

the regions of S where the inverse maps are valid;
(3) Use the information in step (2) to describe where
subregions of S are mapped to under M− and M+ ;
(4) Use the information in step (3) together with
the stable manifolds of the ﬁxed and period-2 points
to further subdivide S; (5) Determine the basins of
attraction. Such an analysis is important from an
economic point of view since it tells us how sensitive the system’s long-term behavior is to variations
in the initial conditions.
First, we want to ﬁnd those points in S − and
+
S that will be mapped into S + and S − , respectively. This problem can be reduced to ﬁnding those
points in S − and S + that will be mapped onto the
separator line S 0 (see Figs. 3 and 4). To do this we
will use the inverse maps of M− and M+ , which are
given by
 
Xt
= M −1
− (Xt+1 , Zt+1 )
Zt



Xt+1
−1
−B
=A
Zt+1



Xt+1
1 a(1 + b) −1
=
ab
Zt+1
ab
0


1 G+d
, (Xt+1 , Zt+1 ) ∈ S,
+
ab
0
 
Xt
= M −1
+ (Xt+1 , Zt+1 )
Zt



X
t+1
− B̂
= A−1
Zt+1



Xt+1
1 a(1 + b) −1
=
ab
Zt+1
ab
0
 
1 G
,
+
ab 0

(Xt+1 , Zt+1 ) ∈ S.

−1
Note that the image of M −1
− (M + ) is the same as
the preimage of M− (M+ ).
Second, we can now apply the two inverse maps
−1
0
M −1
− and M − on individual points in S to deter−
+
mine their images in S or S . For instance, let
us consider a family of points (F ∗ , F ∗ ) ∈ S 0 , F ∗ ∈
[0, ∞) and apply the inverse maps on these points.
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The two inverse maps of these points are given by

 ∗ 


 
F
Xt
1 a(1 + b) −1
1 G+d
=
+
ab
ab
ab
0
Zt
F∗
0


G
+
d
1

 (a(1 + b) − 1)F ∗ +
ab 
(23)
=
,
 ab
F∗



Xt
Zt




 ∗ 
 
F
1 a(1 + b) −1
1 G
=
+
ab
ab 0
F∗
ab
0


G
1
 (a(1 + b) − 1)F ∗ + 
ab 
=
(24)
 ab
.
F∗

G+d
1−a

G+d
1−a

F∗ =

or

G
,
1−a

I1 =

(Xt , Yt ) ∈ S 0 Xt ≥

G
,
1−a

I2 =

(Xt , Yt ) ∈ S 0 Xt ≤

G+d
.
1−a

I 11 = M+ (I1 ) ⊂ S − ,

or

Xt = Zt =

G
1−a

respectively, as expected. However, for the inverse
(23) to be valid in S − we must have Xt > Zt [see
Eq. (16)] and thus
G+d
G+d
1
(a(1 + b) − 1)F ∗ +
≥F∗ ⇒ F∗ ≤
ab
ab
1−a
35

Zt

Thus, we can deﬁne two intervals in S 0 and study
how they are mapped by M− , M+ and their inverses
−1
M −1
− and M + , respectively. The intervals (lines)
are given by

−1
+
I −1
1 = M + (I1 ) ⊂ S ,

which correspond to the two ﬁxed points in (15),
then
Xt = Zt =

G
G
1
(a(1 + b) − 1)F ∗ +
≤ F∗ ⇒ F∗ ≥
.
ab
ab
1−a

−1
Using the maps M+ , M− , M −1
+ and M − on the
lines I1 and I2 we can deﬁne

Notice, in particular, if
F∗ =

and similarly for the inverse (24) to be valid in S +
we must have Xt < Zt , which gives

I21

Σ̂+

Zt

f−

30

25

Σ+
20
20

f+

f+−1

Σ̂−

25

30

I2−1

Xt

35

f−1

I1−1

25

S0
20
20

(a)
I 12

Σ+

f−

f−−1

30

f+1

I 12 = M− (I2 ) ⊂ S + .

All these four lines are depicted in Figs. 4(a)
and 4(b) for b = 0.2, a = 0.8, G = 5 and d = 1.
Recall that the ﬁxed point f− belongs to I2 and the
ﬁxed point f+ belongs to I1 . As shown in Fig. 4(a),
the images of f− under M+ and M −1
+ are denoted
−1
1
by f − and f − , and they lie on the lines I 11 and
I −1
1 , respectively. Similarly, the images of the ﬁxed
1
point f+ under M− and M −1
− are denoted by f + and
−1
−1
1
f + , and they lie on the lines I 2 and I 2 , respectively. This is a consequence of the fact that the
ﬁxed points must lie in S 0 .
35

S0

−1
−
I −1
2 = M − (I2 ) ⊂ S ,

f+

I11

25

30

Xt

35

(b)
I −1
2

Fig. 4. (a) The image
and preimage
of I2 and (b) the image
values are b = 0.2, a = 0.8, G = 5, d = 1 of the ESM.
1930027-9

I 11

and preimage I −1
1 of I1 . In both cases the parameter

September 14, 2019

11:7

WSPC/S0218-1274

1930027

P. T. Piiroinen & S. Raghavendra
(a)

35

(b)

S1+

Zt
30

f−

p2

W s (p2 )

s
p1 W (p1 )

S2−

Σ−
1

25

W s (f+ )

f+

S1−

20
20

W s (f− )

f−

30

f+

Σ+
2

I2−1

Zt

Σ+
1

S2+

25
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Σ−
2

35

25

Xt

30

20
20

35

25

I1−1
30

Xt

35

Fig. 5. (a) Juxtaposition of Figs. 4(a) and 4(b) and (b) the stable manifolds W s (f− ) and W s (f+ ) of the ﬁxed points and
W s (p1 ) and W s (p2 ) of the period-2 orbits in region A for b = 0.2, a = 0.8, G = 5 and d = 1.

Third, the region Σ̂− , which is deﬁned as the
region enclosed by I2 , I −1
2 and Zt = 0, is mapped by
+
M− to Σ , which is deﬁned as the region enclosed
by I2 , I 12 and Xt = 0 [see Fig. 4(a)]. Similarly,
the region Σ̂+ is mapped by M + to the region Σ−
[see Figs. 4(b)]. This analysis is signiﬁcant from the
point of view of ascertaining the dynamics in region
A because it tells us exactly where points in diﬀerent regions are mapped and what map, M− or M+ ,
will be used in the next iteration. The juxtaposition
of Figs. 4(a) and 4(b) will further divide the whole
domain S, as shown in Fig. 5(a). From Figs. 4 and
5(a) we can further deﬁne

(a)

+
Σ+ = Σ+
1 ∪ Σ2 ,

−
Σ− = Σ−
1 ∪ Σ2 ,

+
Σ̂+ = Σ+
1 ∪ S1 ,

−
Σ̂− = Σ−
1 ∪ S1 ,

35

which implies that Σ̂− is mapped to Σ+ under M−
and Σ̂+ is mapped to Σ− under M+ .
Fourth, there is a further signiﬁcance of the
and I −1
lines I −1
1
2 , namely, they tell us when the
dynamics will follow the stable manifolds W s (f− )
and W s (f+ ) of the ﬁxed points or the stable manifolds W s (p1 ) and W s (p2 ) of the period-2 orbit.
The dynamics along the manifolds are shown in
Fig. 5(b), but compare it with the regions deﬁned in
Fig. 5(a). Since p1 and p2 form a period-2 orbit, the
dynamics following W s (p1 ) and W s (p2 ) will thus
oscillate back and forward between the two regions
S − and S + every second iteration.
Fifth, using Figs. 5(a) and 5(b) we can further
divide the space S to show where subregions are
mapped [see Fig. 6(a)]. This is important because
it will tell us where a single trajectory will end up.
(b)

Γ−2
1

Zt

e−2
1
Γ̂−1
1

Γ̂−2
1
I11

25

Γ2

20
20

Γ1

e−1
1
f−

−1
f−

30

Γ−1
1

e1

p2
p1

e2

f+
e−1
2

25

Γ̂−1
2

Γ−1
2

I21

Γ̂−2
2
−1
f+

e−2
2

30

Γ−2
2

Xt

35

Fig. 6. (a) The subdivision of S to highlight how the basins of attraction are calculated and (b) the basins of attraction for
the three attractors in region A for parameter values b = 0.2, a = 0.8, G = 5, d = 1. Initial conditions in regions denoted F−
lead to the ﬁxed point f− , initial conditions in regions denoted F+ lead to the ﬁxed point f+ , and initial conditions in regions
denoted P lead to the stable period-2 orbit p1 − p2 .
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Table 1.

Analytical values of the points shown in Fig. 6(a).

Point

Coordinate
«
G+d G+d
,
1−a 1−a
«
„
G
G
,
1−a 1−a

„
f−
f+
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„
p1

f −1
−
f 1−
f −1
+
f 1+
e01
e−1
1
e−2
1
e02
e−1
2
e−2
2

«

«
d(1 + ab)
ad(1 + b)
G
G
+
,
+
1−a
(1 − a)(1 + a + 2b) 1 − a
(1 − a)(1 + a + 2b)
«
„
G+d
d G+d
− ,
1−a
ab 1 − a
„
«
G+d G+d
,
−d
1−a 1−a
«
„
G
G
d
+ ,
1−a
ab 1 − a
«
„
G
G
,
+d
1−a 1−a
„
«
dλ2 G + d
d
G+d
,
+
+
1−a
a − λ2 1 − a
a − λ2
„
«
G+d
G+d
d
d
,
+
+
1−a
a − λ2 1 − a
a − λ2
„
„
«
«
1−a
G+d
G+d
d
d
d
1+
,
−
+
+
1−a
a − λ2
ab
a − λ2
1−a
a − λ2
„
«
dλ2
d
G
G
−
−
,
1−a
a − λ2 1 − a
a − λ2
„
«
G
G
d
d
,
−
−
1−a
a − λ2 1 − a
a − λ2
„
„
«
«
d
d
1−a
d
G
G
+
−
1+
−
,
1−a
a − λ2
ab
a − λ2
1−a
a − λ2

„
p2

ad(1 + b)
d(1 + ab)
G
G
+
,
+
1−a
(1 − a)(1 + a + 2b) 1 − a
(1 − a)(1 + a + 2b)

The analytical values of a few key points on the
boundaries of these subregions that are shown in
Fig. 6(a) are given in Table 1. The exact maps used
for these points and regions are given by
−1
−1
M− : Γ−2
2 → Γ2 , M− : Γ2 → Γ2 ,
−1
−1
M+ : Γ−2
1 → Γ1 , M+ : Γ1 → Γ1 ,
−1
−1
−2
−1
M− : Γ̂−2
2 → Γ̂2 , M− : Γ̂2 → Γ̂1 ∪ Γ̂1 ,
−1
−1
−2
−1
M+ : Γ̂−2
1 → Γ̂1 , M+ : Γ1 → Γ̂2 ∪ Γ̂2 ,
−1
M− : e−2
2 → e2 ,

M− : e−1
2 → e,

−1
M+ : e−2
1 → e1 ,

M+ : e−1
1 → e1 ,

M− : f −1
+ → f+ ,

M+ : f −1
− → f− .

Finally, in Fig. 6(b), we show the basins of attraction for the three attractors f− , f+ and p1 − p2 .
Initial conditions in areas marked with F− will end
up at the ﬁxed point f− , initial conditions in areas
marked with F+ will end up at the ﬁxed point f+
and initial conditions in areas marked with P will
end up at the period-2 orbit p1 − p2 .
To summarize, we have shown that region A
in the ESM exhibits dynamics that is not found in
the literature for this class of multiplier-accelerator
models. This region, where the acceleration coeﬃcient b < 1, seems to possess both point attractors
and a period-2 attractor. We prove the existence of
these points and derive the stable manifolds associated to these points. In order to understand how
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diﬀerent initial conditions lead to particular attractors, we calculate the basin of attraction for each
of these attractors analytically and numerically.
The analysis reveals interesting dynamics, which
are shown in Fig. 6. Such an analysis is interesting
and crucial from an economic policy point of view
for the following reason. Initial conditions are crucial for the prediction of the long-term dynamics —
whether they will end up in ﬁxed points or the
period-2 orbit. For instance, in Fig. 6(a), if an economy is in a downturn (i.e. in S − ) and is in the
region Γ−2
2 , then the ﬁscal stabilization policy as
deﬁned by the ESM, will lead this economy to the
ﬁxed point f+ . Similarly, if an economy is in region
Γ̂−2
2 , then the stabilization policy would lead this
economy to the period-2 orbit, where its output
will exhibit periodic oscillation. Hence, the ESM
exhibits a much richer dynamics than the OSM in
region A, not only from the point of view of generating sustained oscillations, but also from the point
of view of the sensitive dependence of the initial
conditions.

3.3. Region B
The analysis of region B follows a similar pattern to the analysis conducted for region A. Figures 7(a) and 7(b) depict two examples of the
dynamics of this region. In region B the only attractor is the period-2 orbit as the eigenvalues corresponding to the two ﬁxed points turn complex,
the two ﬁxed points will be attractor spirals and
the corresponding stable manifolds will be twodimensional (cf. Sec. 3.1.2). The implication of this

30

25

Zt

−4
f+

20
15
−2
f−

10

−3
f−

−1
f−

−4
f−

5

Zt

f−

IC1

20

−3
f+

f+ f+−1

5
0
0

is that trajectories will move around the two ﬁxed
points which in turn means that there has to be
a switch from S − to S + or S + to S − before a
ﬁxed point is reached. This in turn means that
sooner or later a trajectory will reach the basin of
attraction of the period-2 orbit and consequently
end up at the period-2 attractor. However, there is
a ﬁnite number of discrete initial conditions that
will lead to each of the two ﬁxed points since we
can ﬁnd points x1 ∈ S− and x2 ∈ S+ such that
M− (x1 ) = f− and M+ (x2 ) = f+ . In Fig. 7(a),
we show a few such points that will get mapped
exactly onto the ﬁxed points f− and f+ . Furthermore, the system may lose its path dependency for
backward iterates, which means that it is impossible
to determine the initial conditions for such trajectories. The reason for this is that since the two maps
M− and M+ act in diﬀerent regions of the space S
there are points x1 ∈ S− and x2 ∈ S+ such that
M− (x1 ) = M+ (x2 ) ∈ S− (or S− ). For instance, in
−2 −3
Fig. 7(a) the points f −1
− , f − , f − are the backward
iterates of the ﬁxed point f− , and as one can see
from the ﬁgure, the backward iterate f −3
− has two
,
where
one
belongs to
preimages denoted by f −4
−
+
−
S and the other to S . Similarly, the preimages
−4
of f −3
+ has two inverses denoted by f + belonging
+
−
to both the regions S and S . The nonuniqueness of the preimages of the points that are mapped
onto the ﬁxed point clearly implies that the system
loses path dependency and it is hard to locate the
parts of the phase space that would end up in either
of the ﬁxed points. This is an interesting characteristic and a very common feature of nonsmooth

IC2

−2
f+

10

f−
f+

p 1 , p2

p 1 , p2
10

15

Xt

20

25

0
0

(a)

10

20

Xt

30

(b)

Fig. 7. Trajectories in region B (see Fig. 1) for b = 1, a = 0.5, G = 5, d = 1. (a) Shows that two diﬀerent initial conditions
can lead to the same ﬁxed point along the same trajectory and (b) shows two diﬀerent initial conditions (IC 1 = (25, 5) and
IC 2 = (15, 5)) leading to the period-2 orbit.
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maps in general. From an economic point of view
this property is both interesting and challenging. It
is interesting to know that there are a few initial
conditions that would end up exactly on the ﬁxed
points, but at the same time it is very challenging to identify all such points in the phase space.
In Fig. 7(b), we show two trajectories with diﬀerent initial conditions that would rotate around the
ﬁxed points to get to the period-2 attractor p1 −p2 .

3.4. Region C
The dynamics in region C reveals a nonperiodic
attractor (possibly chaotic), where the period-2
attractor in region B turns unstable and a nonperiodic attractor appears in its place. In Fig. 8, we
show the nonperiodic attractor (denoted NP) and
its basin of attraction (denoted BOA). Given that
the nonperiodic attractor is bounded, one can inﬂuence the size of the attractor and its basin of attraction using the control parameter d, which is very
useful from a stabilization policy perspective. Nonperiodic and chaotic attractors in economic systems
are not new as there exist a substantial body of work
in terms of proving the existence of chaotic attractors in the family of multiplier-accelerator models.
For instance, Puu [1990] considered a nonlinear version of the multiplier-accelerator model of output
through a cubic formulation of the accelerator relation given by It = ν((Yt−1 − Yt−2 ) − (Yt−1 − Yt−2 )3 ),
ν > 0. More recently, Westerhoﬀ [2006] proved
the existence of chaotic dynamics generated by the

14
Zt

12
NP

10

interaction between the multiplier and accelerator
in a micro-founded model where agents apply a nonlinear mix of extrapolative and regressive expectations about the future movement of the output,
and argued that the expectation-formation process
of the agents drives the chaotic dynamics in his
model. Contrary to these models, we show that the
ESM is able to generate nonperiodic dynamics without either nonlinearity in the investment relation
or with the use of any rule for expectation formation by the agents. With almost the same set-up as
the OSM, our model yields nonperiodic dynamics
in region C due to the switching nature of the government stabilization policy. In [Mira et al., 1996] it
is shown that the bounded region of chaotic attractors of two-dimensional invariant maps are given by
the so-called generating segment. In our case, this
segment lies on S 0 and is iterated repeatedly with
the M− and M+ to generate the boundary of the
basin of attraction. However, further analysis of the
generating segment and the nature of the nonperiodic attractor lies outside the scope of the present
paper.

3.5. Region D
In this region, both the ﬁxed points and the period2 orbit turn unstable and the resultant dynamics
is either oscillatory or monotonic divergence. The
manifolds of the ﬁxed points and period-2 orbit
are essentially the same as seen in Fig. 5 (region
A), except that the direction of the dynamics along
the manifolds is opposite to that which we see in
the ﬁgure, i.e. the manifolds are unstable. This
implies that any point close to the period-2 orbit
will be mapped between S − and S + until it crosses
or I −1
the boundaries I −1
1
2 , and then it diverges
monotonically as it would then follow the manifolds
W s (f1 ) and W s (f2 ), respectively. This means that
the characteristic of the dynamics is the same as
in the original Samuelson’s model except for the
nature of the divergence.

BOA

3.6. Borders
8
8

10

12

Xt

14

Fig. 8. The basin of attraction and the nonperiodic attractor found in region C (see Fig. 1) for b = 3, a = 0.5, G = 5,
d = 1.

The only border between the four regions as seen
in Fig. 1 that reveals some interesting dynamics is on the border of regions B and C. Here
we see a quasi-periodic solution that is shown in
Figs. 2(d) and 2(f). This result is slightly diﬀerent
from the OSM, where the corresponding border has
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a quasi-periodic attractor in the form of one ellipse
rather than two.
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4. Discussion and Conclusion
Governments’ responses to major crises are often in
the form of ﬁscal stimulus, which introduces discontinuity in the government expenditure, which
motivated us to reconsider Samuelson’s model from
a nonsmooth perspective. Our objective in this
paper is to study the dynamics generated by a discontinuous government expenditure policy within
the framework of Samuelson’s original multiplieraccelerator model. We show that our simple and
naive modiﬁcation yields interesting dynamics ranging from periodic orbits to nonperiodic ﬂuctuations
in the regions A, B and C in the original Samuelson
model (see Fig. 1).
In region A our model exhibits new dynamics
than that found in the literature on the class of
multiplier-accelerator model. This region, where the
acceleration coeﬃcient is less than 1, possesses both
two attracting ﬁxed points and a stable period-2
orbit. We prove the existence of the ﬁxed points and
period-2 orbits and derive the manifolds associated
to them. We also calculate the basin of attraction
for the three attractors and show the importance
of initial conditions in determining the long-term
behavior of the system. We argue that such an analysis is not only interesting from the point of view
of the dynamics generated in this model, but also
crucially important from the point of view of developing a rich repository of dynamic implications of
the ﬁscal stimulus program. In region B, the only
attractor is a period-2 attractor and we show that
our model is generating sustained oscillations, as
opposed to damped oscillations as in the original
Samuelson’s model. Another interesting characteristic of the model is that some discrete initial conditions are mapped exactly onto the ﬁxed points,
but do not have unique preimages and thus lose
their path dependency backwards in time, which is
the case in many nonsmooth dynamical systems. In
region C, the model exhibits a bounded nonperiodic attractor. We calculate the basin of attraction
for the attractor and given that the attractor lies
in a bounded region, it indicates that the parameter d can potentially be used as a control parameter from the point of view of stabilization policy.
In region D, our model yields the same result of
unstable attractors as in the original Samuelson’s

model, with the only diﬀerence being our system has
two unstable ﬁxed points and one unstable period2 orbit. This would imply that for speciﬁc initial
conditions the system would ﬁrst exhibit oscillatory divergence and there after the system would
exhibit monotonic divergence. In terms of the borders between the regions, the only novel dynamics
is found on the border between regions B and C,
where exists a stable quasi-periodic solution.
The model discussed in this paper can be
extended and generalized in a few directions. We
believe that the present model and the possible
extensions discussed below would provide an useful
tool for the policymakers for generating plausible
empirical hypotheses on the impact of the stabilization policy on output. The ﬁrst way to extend
the present model is to scale the control parameter
d with the size of the fall in output (i.e. Yt−2 −Yt−1 ),
and our initial analysis shows that this simple modiﬁcation will change the size and number of regions
as shown in the stability chart in Fig. 1. This means
that the number and size of both the regions of stability and instability might increase or decrease as
the parameters of the model are varied, which would
be useful from a policy perspective.

Acknowledgments
We acknowledge NUI Galway’s Millennium Fund
for research funding for this work. We thank Dr
Joanna Jordan, University of Bath, for providing
the Matlab codes for generating and plotting the
basins of attraction.

References
Day, R. [1982] “Irregular growth cycles,” Amer. Econ.
Rev. 72, 406–414.
di Bernardo, M., Budd, C. J., Champneys, A. R. &
Kowalczyk, P. [2008a] Piecewise Smooth Dynamical Systems — Theory and Applications (SpringerVerlag, London, UK).
di Bernardo, M., Budd, C. J., Champneys, A. R., Kowalczyk, P., Nordmark, A. B., Olivar, G. & Piiroinen,
P. T. [2008b] “Bifurcations in nonsmooth dynamical
systems,” SIAM Rev. 50, 629–701.
Duessenberry, J. [1950] “Hicks on the trade cycle,”
Quart. J. Econ. 64, 464–476.
Galleegati, C., Gardini, L., Puu, T. & Sushko, I. [2003]
“Hicks’ trade cycle revisited: Cycles and bifurcations,” Math. Comput. Simul. 63, 505–527.
Gandolfo, G. [1997] Economic Dynamics (SpringerVerlag, Berlin).

1930027-14

September 14, 2019

11:7

WSPC/S0218-1274

1930027

Int. J. Bifurcation Chaos 2019.29. Downloaded from www.worldscientific.com
by UNIVERSITY OF NEW ENGLAND on 09/25/19. Re-use and distribution is strictly not permitted, except for Open Access articles.

A Nonsmooth Extension of Samuelson’s Multiplier-Accelerator Model

Goodwin, R. [1951] “The nonlinear accelerator and
the persistence of business cycles,” Econometrica
19, 1–17.
Grandmont, J.-M. [1985] “On endogenous competitive
business cycles,” Econometrica 53, 995–1045.
Hicks, J. [1950] A Contribution to the Theory of Trade
Cycle (Clarendon Press, Oxford).
Hommes, C. [1995] “A reconsideration of Hicks’ nonlinear trade cycle model,” Struct. Change Econ. Dyn.
6, 435–459.
Kaldor, N. [1940] “A model of the trade cycle,” Econ. J.
50, 78–92.
Minsky, H. [1959] “A linear model of cyclical growth,”
Rev. Econ. Statist. 41, 133–145.
Mira, C., Gardini, L., Barguola, A. & Cathala, J. [1996]
Chaotic Dynamics in Two-Dimensional Noninvertible
Maps (World Scientiﬁc, Singapore).
Philips, A. [1954] “Stabilization policy in a closed economy,” Econ. J. 64, 290–323.

Puu, T. [1990] “A chaotic model of the business cycle,”
Occasional Paper Series on Socio-Spatial Dynamics
1, 1–19.
Puu, T., Gardini, L. & Sushko, I. [2005] “Hicksian
multiplier-accelerator model with ﬂoor determined by
capital stock,” J. Econ. Behav. Organiz. 56, 331–348.
Samuelson, P. [1939] “Interactions between the multiplier analysis and the principle of acceleration,” Rev.
Econ. Statist. 20, 75–78.
Sushko, I., Gardini, L. & Avrutin, V. [2016] “Nonsmooth
one-dimensional maps: Some basic concepts and deﬁnitions,” J. Diﬀ. Eqs. Appl. 22, 1816–1870.
Tu, P. [1992] Dynamical Systems: An Introduction with
Applications in Economics and Biology (SpringerVerlag, Berlin).
Westerhoﬀ, F. [2006] “Samuelson’s multiplier-accelerator
model revisited,” Appl. Econ. Lett. 13, 89–92.

1930027-15

